ABSTRACT. A ring of continuous functions is a ring of the form C(X), the ring of all continuous real-valued functions on a completely regular Hausdorff space X.
With each ideal / of C(X), we associate certain subalgebras of C(X), and discuss their structure spaces.
We give necessary and sufficient conditions for two ideals in rings of continuous functions to have homeomorphic structure spaces.
Introduction. For a subset A of C(X), we define rA to be {/+ c\f £ A and c £ R\. (R denotes the set of all real numbers, and we make the usual identification between the real number c and the function which maps every x £ X onto c.)
We denote by A" the closure of A in the uniform topology.
With each ideal / in C(X), we associate four subalgebras of C(X), I itself, I", rl, and r(lu). (in [A] , rl and r(Iu) were denoted by (/) and (/"), respectively.)
In this paper, we characterize the maximal ideals of /", rl, and r(lu) (the maximal ideals of I were characterized in [4] ) and then endow these sets of maximal ideals with the hull-kernel topology. We then investigate the resulting structure spaces. In §1 we show that the prime and maximal ideals of rl ate the intersections of rl respectively with the prime and maximal ideals of C(X). This allows us to establish homeomorphisms between structure spaces of rl and modifications of structure spaces of C(X). We also show that the structure space of rl is (homeomorphic to) the one-point compactification of the structure space of /.
In §2 we discuss the prime and maximal ideals of the algebras /" and r(lu). We show that / and /" have the same structure space and that rl and r(l") do also. In view of the fact that r(l") is (isomorphic to) a ring of continuous functions (see [4, 5.6]), it is thus established that every ideal in C(X) is a real ideal in a subalgebra of C(X) which has the same structure space as a ring of continuous functions. Results in § §1 and 2 generalize certain results in [5] .
The significance of homeomorphic structure spaces of two rings of continuous functions is well known; namely C(X) and C(V) have homeomorphic structure spaces if and only if C (X) and C (Y) ate isomorphic. (These are the subrings of bounded functions in C(X) and C(Y) respectively.) In §3 we establish necessary and sufficient conditions for two ideals in rings of continuous functions to have homeomorphic structure spaces.
In [2] and [3] , the authors considered structure spaces of certain subalgebras of C(X) called "algebras on X." In §4, we discuss the relationships between the properties of an algebra on X and the properties of the algebras considered in this paper. If f £ C(X), we shall let (/) denote the principal ideal generated by /, and we let Z(f) = jx e X|/(x) = 0|. If g e C(X), then / V g denotes the pointwise maximum of / and g.
A subring A of C(X) is called a subalgebra of C(X) if A is closed under multiplication by constants. The structure space (of prime maximal ideals) of A will be denoted by pA.
The symbol Si is used to denote a homeomorphism between spaces, and t*i is used to denote an isomorphism between rings.
For the convenience of the reader we now list the main symbols associated with an ideal /of C(X). not containing /. We now characterize the maximal ideals of the algebra rl.
1.1 Remark. Evidently, / itself is a real maximal ideal of rl. We now proceed to establish the converse of 1.2. Proof. By [4, 3.3] K is prime, and hence K = P Or/, for some prime ideal P in C(X). Letting M be the maximal ideal containing P, the result follows.
We now consider some natural mappings between structure spaces of rl and C(X). We shall let 9 denote the space of prime ideals of C(X), 9(rí) the space of prime ideals of rl and P(l) the set of all prime ideals in C(X) which contain /. (Of course, 9 and 9(rl) are endowed with the hull-kernel topology.)
1.5 Lemma. 9\P(ft is homeomorphic to ÍP(r/)\{/¡.
Proof. Consider the natural mapping P -» P O rl and denote it by <£.
Clearly <f> is one-to-one and onto. Let s £ rl and consider E(s) = \K\K £9(rl)\l\ and s £K\, a basic closed set in 9(rí)\¿l\. Then <p~ \E(s)) = \P £ 9\P(l)\s e P\ a basic closed set in 9\P(t). On the other hand, if / e C(X), and E(f) = ÍP £ 9\PU)\f £ Pi, a basic closed set in 9\p(t), then <p(E(/)) = {P n r/|P O r/3 /• /}, a closed set in ?(r/)\i/!.
We now extend the mapping </S to obtain a mapping onto all of 9(rl). The preimage of / is P(f) shrunk to a point. Specifically, we let 9'
where a neighborhood of a is a set of the form \a\ U [W\P(/)] where W is open in 9 and W 2 Pi ft-(For P 6 ÍP\P(/), a neighborhood of P is a neighborhood in the relative topology.)
1.6 Theorem. Let ifr: 9' -* 9(rf) be defined by ifA.P) = P n rl if P 2> /, aTza* i/Ha) = /. TieTî t/r z's a homeomorphism of 9' onto 9(rf).
Proof. Clearly if/ is one-to-one and onto 9(rl), and by virtue of 1.5, it suffices to show that i¡¡ is continuous at a and i/f~ is continuous at /. To this end, let V be a basic neighborhood of ifAa) in the space 9(rf). Then V = Í K £ 9(rí)\s £ K) for some s = i + c £ rl. Since / e V, c 4 0. Let W = ¡P £ 9\s £ P\, an open set in 9.
It is easily seen that W 2 P(f), for if P D /, and P ^W, it would follow that s £ P, a contradiction. Thus the set i ai U [w\P(/)] is open in 9', and it follows that its image under t/r is contained in V.
We now show that if/~l is continuous at /. Let {ai u [W\P(/)] be a neighborhood of a in 9', with W = ~ÍP e?|P2 /! for some ideal / in C(X). Since 2.5 Remark. It is possible to have prime ideals in r(Iu) which are not of the form P O r(lu) tot P prime in C(X). As a simple example, the ideal /" itself may not be of this form. We can say, however 2.6 Lemma. // K is a prime ideal in r(lu) and K2>1, then K= P O r(lu)
for a unique prime ideal P in C(X).
Proof. The argument is essentially the same as 1.3.
2.7 Theorem. Let K be a maximal ideal of r(lu). If K% I, then K = M O r(lu) for a unique maximal ideal M in C(X). If KDI, then K= Ia.
Proof. The first part of the theorem is evident. For the second part, suppose K 2 I, and let k £ K, say k = f + c where / e /" and c £ R. Assume c> 0. Then for some i £ I, \ f -i\ < c/3. Since i £ K, it follows that / + c -i £ K. But (/+ c -z)(x) > 2c/3 for all x 6 X, and this contradicts 2.2. Similarly, if c < 0 we arrive at a contradiction, so we must have c = 0 and K Ç /".
We now consider the maximal ideals of the algebra /". We shall make use of the fact that r(lu) is isomorphic to C(X(/)) and that the isomorphism takes /" onto F(I). 2.9 Corollary. The ideal I in 1" is not contained in a maximal ideal of I".
Proof. Follows directly from 2.8 above.
2.10 Lemma. // M is maximal in C(X) and M 2J /, iieTZ M O /" z's a maximal ideal in I". If M 2 ¡> then MO/" is not a maximal ideal in I".
Proof. The argument for the first part is the same as 1.2. The second part follows from 2.9.
Corollary, pi is homeomorphic to p(lu).
Proof. The natural mapping is a homeomorphism.
Remark. It is easily seen that the natural mapping M O rl -» M O r(lu),
for M ~¿ I, and / -» /" is a homeomorphism of p(rl) onto p(r(l")), and p(r(l")) is the structure space of a ring of continuous functions. We thus have that every ideal in a ring of continuous functions is a real ideal in an algebra whose structure space is homeomorphic to a structure space of a ring of continuous functions. 2.14 Remark. The algebras rl and r(lu) cannot be (ring-) isomorphic unless they are identical. To see this, it suffices to observe that any isomorphism would take / onto /" which would imply their equality by [4, 4.8].
3. Structure spaces of ideals. The structure space of an ideal is not usually a compact space. Indeed 3.1 Remark. For any ideal /, the following are equivalent.
(1) u.1 is compact.
(
2) M(/) is open (and closed) in /SX.
(3) /is the principle ideal generated by an idempotent.
Proof. The equivalence of (1) and (2) However, the structure space of / is always locally compact, and its onepoint compactification is homeomorphic to p(r(/u)), a Stone-Cech compactification (/3[X(/)]). (It is also true that any ßX is the one-point compactification of a ul; simply take / to be a maximal ideal in C(X).) Thus pi is in a sense a large space, in that it lacks only one point from being a Stone-Cech compactification.
We now wish to show to what extent the structure space of / determines /; specifically, when are p/ and p] homeomorphic?
We begin with a mapping from the set of ideals in C(X) into the set of ideals of C*(X). For an ideal / in C(X), we denote /" n C*(X) by /*. Note 3.7 Corollary. // /" «/", then I* */*.
Proof. By 2.11, the hypothesis implies that pi Si pj. The result then follows from 3.6 above. Of the four algebras considered here (/, /", rl, rl"), none will be an algebra on X in general. We now discuss in a series of remarks and examples these algebras with respect to properties (iii) and (iv) above, since the first two properties involve only trivial considerations. Of course, results such as the above do not hold in general for the algebras considered here.
